We describe a simple, but effective, method for deriving families of elliptic curves, with high rank, all of whose members have the same torsion subgroup structure.
Introduction
The standard elliptic curve over Q can be written y 2 + a 1 x y + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 (1.1) with a i ∈ Q. In fact, by suitable scaling, we could assume a i ∈ Z.
The rational points on this curve form an Abelian group, often denoted by Γ, which is isomorphic to T G ⊕ Z r , where r is the rank of the curve and T G is called the torsion subgroup and is one of (i) Z/nZ, n = 1, 2, . . . , 10, 12,
(ii) Z/2Z ⊕ Z/2nZ, n = 1, 2, 3, 4.
as proven by Mazur [6] , though seemingly first conjectured by Beppo Levi much earlier in the 20th century.
It is a standard conjecture that there exist elliptic curves with all possible ranks. For specified torsion structures, however, the situation is less obvious.
The current situation for all 15 torsion possibilities is summarized in Andrej Dujella's wonderful web-site at web.math.pmf.unizg.hr/ duje/tors/tors.html which should be referred to by anyone interested in high-rank elliptic curves.
As well as looking for specific curves of high rank, there is also the problem of trying to find infinite families of curves with high rank. Many of the record families found have involved high-level mathematics, far above the level of a student or amateur. It is the purpose of the current work to present an extremely simple method which can be understood by a much wider range of interested parties.
Simple Elliptic Curve Forms
Most discussions of the possible torsion structures start with Kubert's [4] list of parameterizations, which is based on the Tate normal form of an elliptic curve. The use of the Tate curve to determine torsion parameterisations is partially described by Husemöller [3] .
The Tate form is
where b, c are constant. This has the point (0, 0) which is assumed not of order 2 or 3.
If we define
with the point (0, 0) transformed to (0, −4b).
Kubert provides formulae for b and c which give the torsion groups apart from Z/1Z, Z/2Z and Z/3Z. Unfortunately, these can lead to formulae which are more complex than need be.
In this section, we discuss providing simple forms which assist in developing families with rank greater than 0. We use Z/8Z as an example. The point at infinity is the identity, and there is 1 point of order two, 2 points of order four and 4 points of order eight.
The presence of a single point of order 2 means that we can assume, without loss of generality, that the curve has form
with A, B ∈ Z. As such, the Nagell-Lutz theorem [7] tells us that all the torsion points have integer coordinates. We also have that, if P = (Z, W ) is a rational point on the curve, then the x-coordinate of 2P is
and thus is a rational square.
If P is a point of order 4, then x(2P ) = 0 so Z 2 = B, and thus B must be an integer square. Thus we can redefine the curve as
and, substituting x = B gives Q 2 = B 2 (A + 2B). Thus, there must exist C ∈ Z with A = C 2 − 2B, so the curve is now
Since twice a point of order 8 gives a point of order 4, using the same logic about doubling shows that B = D 2 with D ∈ Z, and the curve is thus
If (F, G) is a point of order 8 then F satisfies the quartic
The first quadratic gives a rational solution iff the discriminant is a rational square, giving C 2 + 2CD = Consider the related quadric t 2 + 2t = s 2 , which contains (0, 0). The line through the origin s = kt meets the curve again at
so, taking C = 2m 2 and D = m 2 − n 2 gives
Finally, set r = m/n, x = x/n 4 and y = y/n 6 to give
which has a point of order 2 at x = 0, two points of order 4 at x = (r 2 − 1)
2 and four points of order 8 at x = −(r − 1)(r + 1) 3 and x = −(r + 1)(r − 1) 3 .
Basic Method
In May 2013, Dujella and Juan Carlos Peral submitted a very interesting preprint [2] to the arXiv server. It concerned finding families of curves with Z/8Z or Z/2Z ⊕ Z/6Z torsion and rank two.
Unfortunately, they gave many formulae but little information on the precise nature of their methodology. The present work was inspired by the statement "By searching on several homogeneous spaces ...". This links the method to the standard method of 2-descent for an individual curve, as described by Cremona [1] .
For an equation of the form
it is known that the (x, y) coordinates of a rational point are of the form
where d, u, v, w ∈ Z and d is squarefree, and
Some simple algebra shows that this implies d|B.
This suggests searching for points on (2.11) of the form
where u(r) and v(r) are simple polynomials and d(r) is of the form
with e, f, g ∈ Z.
Since many curves with this torsion have rank 0, we are very unlikely to find such a point directly. We can, however, look for such points which, when substituted into the right-hand-side of (2.11), it simplifies to
with F (r) being a rational function and a, b, c ∈ Q.
Thus we will have a point of infinite order (apart from a small number of r values) when
and we attempt to parameterize such quadratics. Note that we do not always have a quadratic which is soluble.
Suppose we find a solution r = p, t = q, then the line t = q + k(r − p) meets the curve at one further point giving
As an example, we find quickly that x = 1 − r 2 gives
There is a solution r = 1, d = 2, and so the line d = 2 + t(r − 1) meets the curve again where
Substituting into (2.11) and defining
gives the elliptic curve
From the final term, it is clear that we cannot have t = 0, 2, −1/2 as they give a singular curve. The point of order 4 becomes 16t 2 (t − 2) 2 (2t + 1) 2 and the two points of order 8 are now 16t 3 (t − 2) 3 (2t + 1) and 16t(t − 2)(2t + 1) 3 . The point 1 − r 2 is 4t(t − 2)(t 2 + 1) 2 (2t + 1). We have to ensure this is not equal to one of the torsion points and this condition also excludes t = ±1, −3, 1/3. For each of these, it is straightforward to find a parametrization of the quadratic and hence a form of the elliptic curve similar to (3.8).
Rank 2 Curves
Consideration of equation (3.8) shows that we can repeat the method of the previous section on this and similar curves. We will have more complicated functions to factorize but the essential idea goes through.
For the rank 1 curves found, we quickly found that the fifth point in the Table gave a quadratic term. We summarize the relevant details. The quadratic 16 − 7r 2 = can be parametrized by
using the solution r = 1, d = 3.
Substituting into (2.11) and clearing denominators gives
We applied the method to this curve with
for small integer e, f, g, h. 
Investigations of the torsion points and other considerations show that s cannot be in the set {1, ±2, −3, 9/2, 7/3, −1/7}.
Specializing with s = 4, gives the curve
and
Transforming to the minimal model of this elliptic curve, we find the height matrix has determinant 90.592 showing the rank is at least 2.
After this rank 2 family was found, the author informed Prof. Dujella, who sent the e-mail to Dr. Peral. He quickly discovered only the second known example of a curve with Z/8Z torsion and rank 6. This came some 7 years after Noam Elkies discovered the first example!
The above rank 2 family was found early in this investigation. Over time, the methodology and software were developed and, more recently, a second rank 2 family was discovered. We will just give the relevant details -the interested reader just has to apply the same ideas as above.
We have
5 Curves with Z/2Z ⊕ Z/6Z torsion For curves with Z/2Z⊕Z/6Z torsion, the methodology is the same as before, so only the relevant results are quoted.
Kubert's formulae for this torsion are
α 2 − 9 which, after some manipulation, gives the curve
Numerical experimentation suggested a simpler form could be found, which is
where α = 2r + 3.
With this form, we have found over 50 different x-points which leave a quadratic to be a square. The software then produced several rank-2 solutions, many of which were essentially equivalent. There are 7 solutions which seem to be independent, and are given in a similar form to the description in the previous sections:
Solution 1:
Solution 2:
Solution 3:
Solution 4:
Solution 6:
Solution 7:
6 Curves with Z/7Z torsion Analysis of Dujella's tables of ranks shows that this torsion forms a trio with the previous two torsion subgroups in that they have a similar structure and Set b = r 3 − r 2 and c = r 2 − r, then we can transform to the symmetric form
For curves with no 2-torsion, rational points do not have such a structured form as before. We thus choose d(r) from divisors of Unfortunately, despite extensive computation, we have been unable to find a rank 2 family with this torsion. We have, however, found points which give curves of rank 2 subject to a quartic being made square. These quartics are all equivalent to elliptic curves with rank usually 1, but sometimes 2.
In [5] , Odile Lecacheux found parametric forms for r and points x 1 giving rank-one families, using fibrations of related surfaces. Possibly the simplest of these gave
Again these points did not yield a family with rank 2.
Other Torsion Subgroups
The curves with torsion subgroup isomorphic to Z/5Z, Z/6Z, or Z/2Z × Z/4Z also form a related group. The ranks are higher so we have to perform the basic strategy more often, but we have found rank 3 families for all three torsion subgroups. Again, we just give the relevant details.
Z/5Z
The parametric form is just that of Kubert and is
There are 2 independent solutions that have been found. Solution 1:
where the third elliptic curve is assumed to be of the form g 2 = cubic in h, and that denominators have been cleared. 
Z/6Z
For this torsion, we transform the form derived from Kubert to the much simpler y 2 = x 3 + (r 2 − 3)x 2 + (3 − 2r)x (7.2)
We have found only one independent family of rank 3, though it appears in many forms. The relevant formulae are x = 4 − 3r r = k 2 − 4k − 24 k 2 − 9 , u = 9(k − 3)(k + 3) 
Z/2Z × Z/4Z
The parametric form used is y 2 = x 3 + (r 2 + 1)x 2 + r 2 x = x(x + 1)(x + r 2 ) (7.3)
We found 4 solutions, but three are essentially the same, so there are only 2 independent solutions. Solution 1: 
